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Abstract
A subset X in k-dimensional Euclidean spaceRk that contains n points (elements) is called a P(n)-
set if every triplet of points selected from them forms an isosceles triangle. In this paper, we show
that the P(8)-set in R3 is uniquely determined to the known example in Kelly’s paper [L.M. Kelly,
Elementary problems and solutions. Isosceles n-points, Amer. Math. Monthly 54 (1947) 227–229].
© 2005 Elsevier Ltd. All rights reserved.
1. Introduction
Let Rk be the k-dimensional Euclidean space, x = (x1, x2, . . . , xk), y =
(y1, y2, . . . , yk) be in Rk , and d(x, y) =
√∑k
i=1(xi − yi )2.
For a finite set X ⊂ Rk , let
A(X) = {d(x, y) | x, y ∈ X, x = y}.
If |A(X)| = s, we call X an s-distance set.
Two subsets in Rk are said to be isomorphic if there exists a similar transformation from
one to the other.
We have the following interesting problems on s-distance sets.
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Table 1
The maximum cardinality of 2-distance sets
k
(
k + 2
2
)
The maximum cardinality of 2-distance sets The number of 2-distance sets giving the
maximum cardinality
1 3 3 1
2 6 5 1
3 10 6 6
4 15 10 1
5 21 16 1
6 28 27 1
7 36 29 1
8 45 45 ≥1
(1) What is the cardinality of points (elements) when the number of s-distance sets in Rk
is finite (except isomorphisms)?
(2) What is the maximum value of the cardinality of an s-distance set in Rk?
(3) Can we say something about the ratios of distances in an s-distance set?
As for question (1), Einhorn and Schoenberg [5] showed that the number of 2-distance
sets in Rk is finite if the cardinalities are more than k + 2.
For question (2) with s = 2 and k ≤ 8, Kelly [7], Croft [4], and Lisoneˇk [9] gave the
maximum values of cardinalities. Their results are summarized in Table 1 (see [1,9]).
Regarding question (3), Larman et al. [8] showed that if |X | > 2k + 3, the ratio of 2
distances in any 2-distance set X is given by
√
α − 1:√α, where α is an integer α satisfying
α ≤ 12 +
√
k
2 .
E. Bannai et al. [2] and Blokhuis [3] proved that the cardinality of an s-distance set in
R
k is bounded above by
(
k + s
s
)
. For the case s = 3 and k = 2, Shinohara [10] gave the
answer to questions (1) and (2) by classifying the 3-distance sets in R2. He proved that
there are finitely many 3-distance sets X with |X | ≥ 5. He also proved that the maximum
cardinality of a 3-distance set is 7. The complete classification of 3-distance sets in R2 was
also given.
We want to consider questions (1) and (2) when s = 3, k = 3. Let a be the answer to
question (1); it is known that 7 ≤ a ≤
(
3 + 3
3
)
= 20. Let b be the answer to question (2),
it is known that 12 ≤ b ≤
(
3 + 3
3
)
= 20. In this paper, we investigate isosceles eight-point
3-distance sets, which have stronger conditions, to gain a foothold in obtaining a and to
classify 3-distance sets in R3 with cardinality 8.
2. Other definitions and known results
We call a set in Rk with n points a P(n)-set if every triplet of points selected from them
forms an isosceles triangle. Moreover, if this set is an s-distance set, we call it an isosceles
n-point s-distance set.
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Fig. 1. A P(8)-set in R3 by Kelly.
Here three collinear points will be interpreted as forming an isosceles triangle if and
only if one of them is the mid-point of the other pair.
The following are the known facts about P(n)-sets and 2-distance sets.
• No P(9)-set in R3 exists [4].
• No P(7)-set in R2 exists [7].
• There exists a unique P(6)-set in R2 up to isomorphism. It consists of five points of a
regular pentagon and its center [7].
• No seven-point 2-distance set in R3 exists [4,6].
• There exist six (mutually non-isomorphic) six-point 2-distance sets in R3 [6].
In this paper, we consider the classification of P(8)-set in R3. Presently we know one
example of a P(8)-set. This is given by a horizontal regular pentagon, whose circumradius
is 1 unit, say; its center; and the two points 1 unit vertically above and below the center
(see [7]). This is a 5-distance set, see Fig. 1. We have two questions “do P(8)-sets exist
aside from this example?” and “do isosceles eight-point 3-distance sets exist?”.
The next theorem and corollary are the main results of this paper.
Theorem 2.1. There exists a unique P(8)-set in R3 up to isomorphism. It is the set of the
eight points in Fig. 1.
Corollary 2.1. For s ≤ 4 no isosceles eight-point s-distance set exists in R3.
We show Theorem 2.1 using Croft’s method [4] in Sections 3–9.
We introduce the following notation (see [4]).
(i) Tetrad: a set of four points lying on a hemisphere.
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(ii) Pentad: a set of five points lying on a hemisphere.
(iii) Apex: a point of a set of three or more points equidistant from all the others.
Throughout this paper, we refer to “condition (X)” as “four points in a set lie on a
circle”.
Let P = {P1, . . . , Pn} be a P(n)-set. We define the “vertex-number” V (Pi ) of a point
Pi in P by the number of distinct isosceles triangles of which Pi is an apex. It is easy to
see that
V (P1)+ · · · + V (Pn) ≥
(
n
3
)
(1)
holds.
We further say that a point Pi in P is of type (r, s, . . . , u) if the lines joining it to
the remaining points of the set are constituted thus: r of length a, s of length b, . . . , u
of length l, where a, b, . . . , l are no two of them equal. Setting r ≥ s ≥ · · · ≥ u,
r + s + · · · + u = n − 1 clearly holds. Moreover if Pi is of type (r, s, . . . , u), then
V (Pi ) =
(
r
2
)
+
(
s
2
)
+ · · · +
(
u
2
)
(2)
holds.
3. Some P(n)-set configurations
Lemma 3.1. Let P = {P1, . . . , P8} be a P(8)-set in R3, and suppose that P1 has the
largest vertex-number. Then the type of P1 is one of the following:
(4, 2, 1), (4, 3), (5, 2), (5, 1, 1), (6, 1), (7).
If the type of P1 is (4, 2, 1) or (4, 3), then let us call P a 4–2 or 4–3 configuration,
and in type (5, 2), (5, 1, 1), (6, 1), call P a 5-, 6-configuration, in type (7), call P a
7-configuration.
Proof. Since V (P1) + · · · + V (P8) ≥
(
8
3
)
= 56 by (1), we have V (P1) ≥ 7. Let
(r, s, . . . , u) be the type of P1. Then we have(
r
2
)
+
(
s
2
)
+ · · · +
(
u
2
)
≥ 7, (3)
and we have
r + s + · · · + u = 7. (4)
In order to satisfy (3) and (4), (r, s, . . . , u) must be one in the list of the lemma. 
Similarly we can prove the following.
Lemma 3.2. In a P(7)-set in R3, let P be a point that has the largest vertex-number. Then
the type of P is one of the following:
(3, 3), (4, 2), (4, 1, 1), (5, 1), (6). 
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The following lemma considers the case when a P(8)-set contains three collinear points.
The proof is done by a similar method to that used in the proof of Lemma 6 in [4].
Lemma 3.3. If three points, P1, P2, P3, say, in a P(8)-set are collinear in this order, then
the other points of the set all lie on a circle in the plane perpendicularly bisecting P1 P3;
so condition (X) holds. 
4. The 4–2 and 4–3 configurations
In this section we deal with the 4–2 and 4–3 configurations. Here we see that four
points in a P(8)-set are distributed on a sphere, another two or three points are distributed
on another sphere, where these are concentric spheres. And the center of the spheres is in
the set, too.
Let P = {P1, . . . , P8} be a P(8)-set. P1 will denote the common center of the two
spheres, which we shall call S1 (on which P2, . . . , P5 are), S2 (on which P6, P7, P8 are),
radii R1, R2, respectively.
Lemma 4.1. For P1, . . . , P7 in a 4–2 or a 4–3 configuration P(8)-set P , one of the
following holds.
(i) Condition (X) holds,
(ii) the distance apart of a pair of points P2, . . . , P5 on S1 is c (c = R1, c = R2).
Proof. Let P ′ = {P1, . . . , P7} be the subset of P . If P ′ satisfies A(P ′) = {R1, R2}, then
P ′ is an isosceles seven-point 2-distance set.
Since no seven-point 2-distance set in R3 exists (see Section 2), there exists a pair of
points P1, . . . , P7 whose distance is c that is distinct from R1 and R2.
We may prove that (i) holds if (ii) does not hold.
If (ii) does not hold, this c is not the distance apart of a pair of points P2, . . . , P5 on S1.
Because P1 Pi = R1 or R2 (i = 2, . . . , 7), c is the distance apart of a pair of points
P2, . . . , P7. If P2 P6 = c, P1 P2 P6 would be scalene with sides R1, R2, c, contrary to the
configuration hypothesis. Thus the following condition holds:
“the lines joining two points, one on each of S1, S2, are of length R1 or R2”. (5)
Since c is the distance apart of a pair of points on S2, P6 P7 = c holds. We consider
P2 P6 P7. By (5), both P2 P6 and P2 P7 are of length R1 or R2; we must have P2 P6 =
P2 P7. When we consider P3 P6 P7, P4 P6 P7, and P5 P6 P7, similarly we have P3 P6 =
P3 P7, P4 P6 = P4 P7, and P5 P6 = P5 P7. So P2, . . . , P5 lie on the plane perpendicularly
bisecting P6 P7, and lie on S1, that is, lie on the circle of intersection. Hence condition (X)
holds. 
Lemma 4.2. We consider a 4–2 or a 4–3 configuration P(8)-set that satisfies (ii) of
Lemma 4.1. If the distances apart of more than two pairs of points P2, . . . , P5 on S1 are
neither R1 nor R2, then condition (X) holds.
Proof. Let P2 P3 = c and P4 P5 = d (c = R1, c = R2, d = R1, d = R2, but we can admit
c = d).
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We consider P2 P3 P6 and P4 P5 P6. Because P2 P6, P3 P6, P4 P6, and P5 P6 are all of
length R1 or R2, we must have P2 P6 = P3 P6 and P4 P6 = P5 P6. Similarly, we must have
P2 P7 = P3 P7 and P4 P7 = P5 P7. Therefore P6 and P7 are on the intersection of the plane
perpendicularly bisecting P2 P3 and the plane perpendicularly bisecting P4 P5.
For the intersection of the plane perpendicularly bisecting P2 P3 and the plane
perpendicularly bisecting P4 P5, there are two cases:
(i) Because the two planes are the same, the intersection is a plane.
(ii) One line. (We remark that P1 is on the line.)
In case (i), the segment P2 P3 and the segment P4 P5 are mutually parallel. Thus there
exists a plane that contains P2, P3, P4, P5; and P2, P3, P4, P5 are all on S1; these four
points are on a circle. Therefore condition (X) holds.
In case (ii), because we have only two points as the intersection of the line and S2, we
decide on the positions of P6 and P7. In the case of 4–3 configuration, P8 has the same
property as P6 and P7, so we cannot get P8 on S2. This is a contradiction.
On the other hand, in the case of 4–2 configuration, because P1 is on the line, P6, P1, P7
are collinear in this order. Therefore condition (X) holds by Lemma 3.3. (Strictly speaking,
this case is a contradiction, because P2, P3, P4, P5 must be on S2, too.)
We can repeat the same discussion if we suppose P2 P3 = c and P3 P4 = d . (But case
(i) does not exist. Only case (ii) exists.) 
Lemma 4.3. We consider a 4–2 or a 4–3 configuration P(8)-set that satisfies (ii) of
Lemma 4.1, similarly. If the distance apart of one pair of points P2, . . . , P5 on S1 is neither
R1 nor R2, then condition (X) holds.
Proof. We may suppose P2 P3 = c (c = R1, c = R2), then the set of points P1, P3, P4,
P5, P6, P7 is a 2-distance set.
We know that there exist six (mutually non-isomorphic) six-point 2-distance sets in R3
(see Section 2). These six figures are in Fig. 2. Two figures contain all points of a square,
and the others contain four points of a regular pentagon. All points of a square and four
points of a regular pentagon are both in a circle. Therefore condition (X) holds. 
Summing up the results of Lemmas 4.1–4.3, we have:
Lemma 4.4. For any 4–2 or 4–3 configuration, condition (X) holds. 
5. The 5- and 6-configurations
We consider 5- or 6-configuration P(8)-sets. Five or six points in a P(8)-set are on a
sphere. The center of the sphere is in the set, too.
Here we can apply Section 6 in [4] almost directly. Proofs of the next four lemmas
(Lemmas 5.1–5.4) are done by similar methods to those used in the proofs of lemmas
in [4].
Lemma 5.1. Let a P(8)-set be constituted thus: P1, which is the center of a sphere S; upon
S lie P2, P3, P4, . . . , being at least three and less than or equal to six points; and at least
H. Kido / European Journal of Combinatorics 27 (2006) 329–341 335
Fig. 2. All six-point 2-distance sets in R3 (from [6]).
one P, say P8, does not lie on S. Then those points of the set that lie on S lie on one
hemisphere of S. 
Lemma 5.2. If a pentad of points belonging to a P(8)-set lies on a hemisphere, then either
condition (X) is true for it, or else the following hold.
(i) Two of the points cannot each be equidistant from the other three.
(ii) No four points are equidistant from the fifth.
(iii) If some tetrad is a 2-distance set, then one of the points is equidistant from the other
three. 
Lemma 5.3. If five points, P1, . . . , P5, belonging to a P(8)-set, form a pentad on a
hemisphere, and the pentad is an s-distance set (s ≥ 3), then condition (X) holds. 
Lemma 5.4. If five points, P1, . . . , P5, belonging to a P(8)-set, form a pentad on a
hemisphere, and the pentad is a 2-distance set, then condition (X) holds. 
Summing up the results of Lemmas 5.3 and 5.4, we have:
Lemma 5.5. For any 5- or 6-configuration, condition (X) is true. 
6. The 7-configuration
In this section we deal with the 7-configuration. This configuration is what seven points
in a P(8)-set are on a sphere. The other point is the center of the sphere.
Let {P1, . . . , P8} be a P(8)-set, and P1 will denote the center of the sphere S on which
P2, . . . , P8 are. We notice that the set of points P2, . . . , P8 is a P(7)-set. In {P2, . . . , P8},
let P2 be a point that has the largest vertex-number. By Lemma 3.2, the type of P2 is one
of the following:
(3, 3), (4, 2), (4, 1, 1), (5, 1), (6).
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Lemma 6.1. If the type of P2 is (4, 2), (4, 1, 1), (5, 1), or (6) in {P2, . . . , P8}, then
condition (X) holds.
Proof. We suppose that the type of P2 is (4, 2), (4, 1, 1), (5, 1), or (6). Then at least four
points among P3, . . . , P8 are on the intersection of S and the sphere whose center is P2.
This means at least four points are on a circle.
Therefore condition (X) holds. 
Lemma 6.2. There is no P(7)-set {P2, . . . , P8} such that P2 is of type (3, 3).
Proof. We suppose that P2 is of type (3, 3). Then P3, P4, P5 are on the intersection of S
and the sphere S′ whose center is P2 and whose radius is a′ (that is, on a circle), P6, P7, P8
are on the intersection of S and the sphere S′′ whose center is P2 and whose radius is a′′.
Because no seven-point 2-distance set in R3 exists, the distance apart of a pair of points
P2, . . . , P8 is c (c = a′, c = a′′). Since P2 Pi = a′ or a′′ (i = 3, . . . , 8), c is the distance
apart of a pair of points P3, . . . , P8. If P3 P6 = c, P2 P3 P6 would be scalene, sides a′, a′′,
c, contrary to the configuration hypothesis. Thus the following condition holds:
“the lines joining two points, one on each of S′, S′′, are of length a′ or a′′”. (6)
Because c is the distance apart of a pair of points on a sphere, we may suppose P6 P7 = c.
We consider P3 P6 P7. By (6), both P3 P6 and P3 P7 are of length a′ or a′′, we must
have P3 P6 = P3 P7. When we consider P4 P6 P7 and P5 P6 P7, similarly, we must have
P4 P6 = P4 P7 and P5 P6 = P5 P7. So P3, P4, P5 lie on the plane perpendicularly bisecting
P6 P7, and lie on S′ and on S. But the plane and the two spheres intersect at exactly two
points. This is a contradiction.
Therefore there is no P(7)-set {P2, . . . , P8} such that P2 is of type (3, 3). 
Summing up the results of Lemmas 6.1 and 6.2, we have:
Lemma 6.3. For any 7-configuration, condition (X) is true. 
Combining Lemmas 3.1, 4.4, 5.5 and 6.3, we have:
Lemma 6.4. If a P(8)-set exists, then condition (X) is true for it. 
By Lemma 6.4, at least four points, say P1, . . . , P4, in P lie on a circle. We keep to this
notation of suffixes in what follows. Lemma 6.5 can be proved by the same method given
in the proof of Lemma 18 in [4].
Lemma 6.5. P1, P2, P3, P4 are either all the vertices of a square, or four of the vertices
of a regular pentagon. 
7. The square configuration
Proofs of the next two lemmas are done by similar methods to those used in the proofs
of lemmas in [4].
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Lemma 7.1. Let four points P1, P2, P3, P4 of a P(8)-set form a square. We may suppose
that P1 = (− 12 ,− 12 , 0), P2 = ( 12 ,− 12 , 0), P3 = ( 12 , 12 , 0), P4 = (− 12 , 12 , 0). And let the
center (0, 0, 0) be O, and let the plane that contains the square be Π .
Then the only other possible situations for the remaining points are:
(i) on the vertical line L through O, or
(ii) at some of Q1, . . . , Q8, where
Q1 =
(
0,−1
2
,
√
3
2
)
, Q2 =
(
1
2
, 0,
√
3
2
)
, Q3 =
(
0,
1
2
,
√
3
2
)
,
Q4 =
(
−1
2
, 0,
√
3
2
)
, Q5 =
(
0,−1
2
,−
√
3
2
)
, Q6 =
(
1
2
, 0,−
√
3
2
)
,
Q7 =
(
0,
1
2
,−
√
3
2
)
, Q8 =
(
−1
2
, 0,−
√
3
2
)
.
(The square Q1 Q2 Q3 Q4 and Q5 Q6 Q7 Q8 both have sides of length
√
2
2 .) 
Lemma 7.2. Using the notation of Lemma 7.1, a P(8)-set cannot contain two “adjacent”
Q-points, by which we mean two Q-points both above, or both below Π , and whose
distance apart is
√
2
2 ; e.g. Q1 and Q2; Q7 and Q8.
Furthermore, a P(8)-set cannot contain three (or more) Q-points. 
Lemma 7.3. If a P(8)-set contains a square, then two of the remaining four points lie on
L and the other two are Q-points (which are not “adjacent”, of course).
Proof. By Lemmas 7.1 and 7.2, if a P(8)-set contains a square, then the other four points
satisfy one of the next three cases:
(i) four points on L,
(ii) three points on L and one Q-point,
(iii) two points on L and two Q-points (which are not “adjacent”).
Considering case (i), we cannot take four points on a line. So this does not exist.
Considering case (ii), by Lemma 3.3, if three points in a P(8)-set are collinear points,
the other points must be on a circle. But all points of a square and Q-points are not on a
circle, so this case does not exist.
Therefore if a P(8)-set contains a square, then the other four points satisfy case (iii).

Lemma 7.4. A P(8)-set does not contain a square.
Proof. By Lemma 7.3, if a P(8)-set contains a square, then two of remaining four points
lie on L and the other two are Q-points.
We may suppose that the first Q-point is Q1 because of symmetry. Let two points on
L be L1 = (0, 0, z), L2 = (0, 0, z′) (z > z′), and we consider P1 L1 L2. Since we have
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P1 L1 =
√
z2 + 12 , P1 L2 =
√
(z′)2 + 12 , and L1 L2 = z − z′, one of the next (i)–(iii) must
hold to satisfy the configuration hypothesis:
(i) z′ = −z in case P1 L1 = P1 L2,
(ii) z′ = z −
√
z2 + 12 in case P1 L1 = L1 L2,
(iii) z′ = z2 − 14z in case P1 L2 = L1 L2.
On the other hand, we consider P1 Q1 L1. Because P1 Q1 = 1, P1 L1 =
√
z2 + 12 , and
Q1 L1 =
√
1
4 +
(
z −
√
3
2
)2
hold, the z coordinate of L1 is one of
√
2
2 , −
√
2
2 , 0,
√
3, and
√
3
6 . Similarly, by considering P1 Q1 L2, the z coordinate of L2 is one of them.
Since z coordinates of L1 and L2 must satisfy one of (i)–(iii) above, the pair of L1 and
L2 is one of the following:
(A) L1 =
(
0, 0,
√
2
2
)
, L2 =
(
0, 0,−
√
2
2
)
,
(B) L1 = (0, 0, 0), L2 =
(
0, 0,−
√
2
2
)
,
(C) L1 =
(
0, 0,
√
2
2
)
, L2 = (0, 0, 0).
Next we consider Q1 L1 L2. In case (A), side lengths are
√
2,
√
6+2√6
2 , and
√
6−2√6
2 .
In case (B), side lengths are 1,
√
2
2 , and
√
6+2√6
2 . And in case (C), side lengths are 1,
√
2
2 ,
and
√
6−2√6
2 . All cases are contradictions.
Therefore a P(8)-set does not contain a square. 
8. The regular pentagon configuration
Proofs of the next two lemmas are done by similar methods to those used in the proofs
of lemmas in [4].
Lemma 8.1. Suppose a P(8)-set contains four vertices of a regular pentagon, P1, P2, P3,
P4 (in order, with the “gap” between P4 and P1), lying in a horizontal plane. Then the only
other possible situations for the remaining points are:
(i) at T the remaining vertex of the pentagon; or
(ii) at two points Q1, Q2, which are the only points Q such that Q P4 P1 and Q P2 P3
are both equilaternal; or
(iii) on the vertical line L through the center of the pentagon. 
Lemma 8.2. With the notation of the previous lemma, no P(8)-set can contain P1, P2, P3,
P4, T , and Q, where Q is either of Q1, Q2. 
Lemma 8.3. If a P(8)-set that contains four points of a regular pentagon exists and is not
isomorphic to the example in Fig. 1, then the remaining four points are Q1, Q2, and two
points on L.
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Proof. Lemma 8.1, 8.2, and the assumption of this lemma imply the remaining four points
which are not on the regular pentagon satisfy one of the next three conditions:
(i) four points on L,
(ii) three points on L and the other is one of T , Q1, and Q2,
(iii) two points on L and the others are Q1 and Q2.
Considering case (i), we cannot take four points on a line, so this does not exist.
Considering case (ii), by Lemma 3.3, if three points in a P(8)-set are collinear points,
the other points must be on a circle. Because all points of a pentagon and Q-points are
not on a circle, we must take T . This P(8)-set that contains T and three points on L is the
example in Fig. 1.
Therefore if a P(8)-set containing four points of a regular pentagon exists and is not
isomorphic to the example in Fig. 1, then the other four points satisfy case (iii). 
Lemma 8.4. If a P(8)-set contains four vertices of a regular pentagon, then it is the set of
eight points in Fig. 1.
Proof. By Lemma 8.3, if a P(8)-set that contains four points of a regular pentagon exists
and is not isomorphic to the example in Fig. 1, then the remaining four points are Q1, Q2,
and two points on L.
First, let coordinates of four points P1, . . . , P4 of a regular pentagon be
P1 =
(
−1−√5
4
,
√
10 + 2√5
4
, 0
)
, P2 =
(
−1
2
, 0, 0
)
, P3 =
(
1
2
, 0, 0
)
,
P4 =
(
1 +√5
4
,
√
10+ 2√5
4
, 0
)
.
(The mid-point of P2 P3 is the origin. Each side of this regular pentagon is 1.)
Then we have Q =
(
0, 1−
√
5
2
√
10+2√5
,±
√
10+2√5
2
√
5
)
. We may suppose that
Q1 =
(
0,
1 −√5
2
√
10+ 2√5
,
√
10+ 2√5
2
√
5
)
and
Q2 =
(
0,
1 −√5
2
√
10+ 2√5
,−
√
10+ 2√5
2
√
5
)
.
(We remark that these Q1, and Q2 are on the outside of the regular pentagon.)
Next we consider the configuration of two points on L, say L1 and L2. We suppose that
the value of the z coordinate of L1 is larger than that of L2.
Because Q1 Q2 Li (i = 1, 2) must satisfy the configuration hypothesis, one of the
following holds:
(i) Q1 Li = Q2 Li holds, and then Li is the center of the regular pentagon, that is,
Li =
(
0, 3+
√
5
2
√
10+2√5
, 0
)
,
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(ii) Q1 Q2 = Q1 Li holds, and then Li =
(
0, 3+
√
5
2
√
10+2√5
,
√
10+2√5±
√
30+6√5
2
√
5
)
,
(iii) Q1 Q2 = Q2 Li holds, and then Li =
(
0, 3+
√
5
2
√
10+2√5
,
−
√
10+2√5±
√
30+6√5
2
√
5
)
.
Therefore there are five possibilities for each Li (i = 1, 2).
Let five points that can be L1, L2 be
A1 =
(
0,
3 +√5
2
√
10+ 2√5
,
√
10+ 2√5 +
√
30+ 6√5
2
√
5
)
,
A2 =
(
0,
3 +√5
2
√
10+ 2√5
,
−
√
10 + 2√5 +
√
30+ 6√5
2
√
5
)
,
A3 =
(
0,
3 +√5
2
√
10+ 2√5
, 0
)
,
A4 =
(
0,
3 +√5
2
√
10+ 2√5
,
√
10+ 2√5 −
√
30+ 6√5
2
√
5
)
, and
A5 =
(
0,
3 +√5
2
√
10+ 2√5
,
−
√
10 + 2√5 −
√
30+ 6√5
2
√
5
)
.
(A) In case L1 = A1, L2 = A2, we consider Q2 L1 L2. It holds that ∠L1 L2 Q2 > π2 .
Considering the configuration hypothesis, it must hold that L1 L2 = L2 Q2.
On the other hand, we consider L1 L2 P1. It holds that ∠L1 L2 P1 > π2 . Similarly, it
must hold that L1 L2 = L2 P1.
Thus it holds that L2 Q2 = L2 P1. But Q2 is on the outside of the regular pentagon, and
the z coordinate of Q2 is negative. So we have L2 Q2 > L2 P1. This is a contradiction.
Therefore we cannot take L1 = A1, L2 = A2.
In case L1 = A4, L2 = A5, and cases that contain A3 as L1 or L2, we can show
contradictions similarly.
(B) In case L1 = A1, L2 = A5, we consider the relation of four points of L1, L2, Q1,
Q2. It holds that L1 Q1 = Q1 Q2 = L2 Q2, L2 Q1 = L1 Q2. Considering the configuration
hypothesis, it holds that L1 L2 = L1 Q1 or L1 Q2.
In case L1 L2 = L1 Q1, these four points form a square by the relation of four points.
This is a contradiction because of Lemma 7.4.
On the other hand, in the case L1 L2 = L1 Q2, these four points are four points of a
regular pentagon by the relation of four points. So it must hold that L1 L2 = Q1 Q2× 1+
√
5
2 .
But it holds that
L1 L2 = (
√
15+√5)
√
10+ 2√5
5
,
Q1 Q2 × 1 +
√
5
2
= (5+
√
5)
√
10 + 2√5
10
.
This is a contradiction.
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Therefore we cannot take L1 = A1, L2 = A5.
In case L1 = A2, L2 = A4, we can show a contradiction similarly.
(C) In case L1 = A1, L2 = A4, side lengths of L1 L2 P2 are
√
10+2√5√
5 ,√
15+5√5+
√
30(3+√5)+
√
6(3+√5)
5+√5 , and
√
15+5√5−
√
30(3+√5)−
√
6(3+√5)
5+√5 .
This is a contradiction.
In case L1 = A2, L2 = A5, we can show a contradiction similarly.
Therefore if a P(8)-set contains four vertices of a regular pentagon, then it is the set of
eight points in Fig. 1. 
9. Completion of the proof of Theorem 2.1
First, Lemma 3.1 holds if a P(8)-set exists. In any case of Lemma 3.1, condition (X)
holds, that is, four points lie on a circle, by Lemmas 4.4, 5.5 and 6.3.
By Lemma 6.5, four points that lie on a circle are either all the vertices of a square, or
four of the vertices of a regular pentagon. If four points are the vertices of a square, then no
P(8)-set exists by Lemma 7.4. On the other hand, if four points are four of the vertices of
a regular pentagon, then Lemma 8.4 implies that it is isomorphic to the example in Fig. 1.
Therefore any P(8)-set in R3 is isomorphic to the set of eight points in Fig. 1. 
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